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Two versions of the approximate relations of the deformation theory of continuous media, known as the complete version (see,
for example [1]) and the incomplete version (see, for example [2, 3]) of the quadratic approximation of the non-linear theory
are analysed.It is shown that the relations of the complete version, which define the elongation deformation, and the relations
of the incomplete version, which define the shear deformation, are incorrect, since, when solving specific problems, they lead to
the occurrence of false bifurcation points. For small elongation deformation and medium shear deformation a non-contradictory
version of the kinematic relations is constructed in the quadratic approximation, representing a combination of the relations of
the complete and incomplete versions. The simplest examples of its application, connected with the reduction of the two-
dimensional non-linear problem of the deformation of a strip in the form of a rod to homogeneous equations and their subsequent
use to detect possible forms of loss of stability for characteristic forms of loading them, are considered. Essentially new results
are obtained connected with the investigation of forms of loss of stability of a rod under uniform transverse compression and
pure shear. In the first case the behaviour of the load turns out to be important: if it remains normal to the deformation axis of
the rod, bifurcation is only possible with respect to the shear form, if it retains its direction, and then, in addition to bifurcation
with respect to the shear form, a bending form of loss of stability is possible, which is identical in form with the Euler form, for
which there are no shears. In the second case, i.e. when there is a load which causes pure shear of the rod, to investigate its
bifurcation values, it is necessary to describe the shear deformation by non-linear kinematic relations in the complete quadratic
version, whereas when there are no subcritical shear stresses one can use the simplified relations. An example of the investigation
of the forms of loss of stability of a circular ring when acted upon by a uniform external pressure having zero variability in the
circumferential direction is also considered. © 2005 Elsevier Ltd. All rights reserved.

1. RELATIONS OF DEFORMATION THEORY IN THE QUADRATIC
APPROXIMATION

If the space of a body in the initial (undeformed) state is referred to rectangular Cartesian coordinates
x,¥,z, and we denote the components of the displacements by u, v, w, then for arbitrary displacements
for elongation deformation E,, E,, E, and shear deformation siny,, siny, siny,, we have the formulae

1”2 . -12 -1n
E = (1+2¢,) "~1,..; siny,, = (1+2¢,) (1+2€,) "€, ... (1.1)

by which, using the six components of the deformation
_ 1 2 2 2 . 1.2
Epr T UL HS(U AV W), o €y = U U HU U VDWW (12)
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the arbitrary deformed state of the body is described. An extremely clear derivation of formulae (1.1)
and (1.2) and a comprehensive analysis of them has been given by Novozhilov [1]; these formulae can
be seen at the present time in practically any scientific and educational literature on the non-linear theory
of elasticity.

If the elongation deformation is small, i.e. E, ~ € < 1, from the first group of relations of (1.1) we
obtain the following relations of undoubted rigor when the degree of accuracy 2 + E, = 2 is satisfied

E = "a*l(“i"’ vi+wi), 1.3)

Xze

XX

and, when an accuracy of (1 + 2E,)™? =~ 1 from the second group of relations of (1.1) we obtain

SINY, =€, = U, +V +u,u,+0V +w,w, ... (1.4)
or for small shear angles Yy, Yc, ¥
Vay =€yt + UV, +u, i +0,0 +wW, W, .. (1.5)

These relations were derived in [1] together with formulae (1.3) and are widely used as kinematic
relations in the quadratic approximation.

Donnell [2] also derived another incomplete quadratic version of the kinematic relations, when
E,, ..., siny,, ... are calculated, apart from squares and pair wise products of the derivatives of the
displacements, from the formulae

E, = u +1(0%+wl), ... (1.6)

X
SINY,, = U, +V, —uU,V,—u,V +w,w, . . 1.7

Shklyarchuk [3] also considered a simpler version of relations (1.7)

Yey = Uyt U+ W, W, (1.8)

The need to estimate the quality of the above three versions of the kinematic relations in the quadratic
approximation arose in connection with the appearance of false bifurcation points when solving specific
problems, which were formulated in [4, 5], starting from relations of the form (1.3). One of these
estimates can be obtained by considering uniaxial extension-compression and pure shear. A brief analysis

of this kind was given earlier in [6].

2. UNTAXIAL EXTENSION-COMPRESSION

It was shown in [4] that for uniaxial extension-compression of a rod with a force P, applied at its ends,
formulae (1.6) are preferable to formulae (1.3); moreover, in this case formulae (1.6) can be used for
any elastic deformations. This can be shown as follows.

The variation of the work done by the forces applied to an elementary parallelepiped, when had
dimensions dx, dy and dz before deformation and was deformed by a load along the x axis, according
to Novozhilov will be equal to

%
8dA = ofd¢, dxdydz; of = % O

xx n2

Sx(l + ZEM)l 2.1)
* 2 .12
Sy = [(1+2¢,)(1+2¢,)-¢,] dydz, S, = dydz
Then
8dA = (6,,SH)8[(1 +2¢,,)"? — 11dx = dP,8(E, dx) 22)

Here dP, is the normal force applied to the face dydz of the element.
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The last expression could have been written immediately as the principle for possible displacements
for a deformed element of length (1 + E,)dx = dx + u'dx (u' = du/dx); then

E, =u (23)

Expression (1.6) just leads to formula (2.3), which in the case considered, in view of thq equalities
v, = w, =0, also follows when the first expression of (1.2) is substituted into the first equality of (1.1).
As the same time, approximation (1.3) gives

E ~¢e, =u+u’l2 (2.4)
which in the problem of the compression of a rod by a force P leads to the false bifurcation value
P = EF (E is the modulus of elasticity for stretching and F is the cross-section area) — and “absurd”
loss of stability of the rod [4].

3. PURE SHEAR
For pure shear in the xy plane the variation of the work according to Novozhilov will be equal to

5¥ o, n
8dA = o}Be, dxdydz; of, = T, 1+E, = (1+2¢,)’ (3.1)
x y

In Fig. 1 we show one of the possible positions of an element with respect to the coordinate axes;
other positions differ only by a rotation as a rigid body. For the version represented u = u(x), v = v(x).
Then the displacements should be such that E, = E, = 0; they are easily obtained:

v = xsiny, u = x(cosy-1) 32)

It can be shown that then E, = E, = 0, S = S,. Moreover, for pure shear o, = 6,, = 0, 63, = G,,.. As
a result we have

ddA = o©,,8¢, dxdydz 3.3)

If we write 8d4 according to the virtual displacement principle, then for pure shear by virtue of the
fact that ¢, = 0 we have 1,, = 0, and

3dA = o, 8(dxsiny)dydz (3.4)
Comparing expressions (3.3) and (3.4) it can be seen that they are identical if we take formulae (1.4)

for g,; in this case ¢,, = siny for any .
If we take relations (1.7), we have

siny,, = siny - (cosy - 1)siny = siny + sin3yf2 3.5
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In this case the same situation is possible as for compression, when the use of approximation (3.3) leads
to the occurrence of a false bifurcation point in the solution {4].

Hence, the mixed version of the kinematic relations in the quadratic approximation gives the best
approximation for the elementary states, when the elongation deformation is calculated from formulae
(1.6) (according to Donnell) while the shear deformation is calculated from formulae (1.4) (according
to Novozhilov).

Finally, we must draw attention to the fact that, as can be seen from Fig. 1, the energetically matched
generalized displacement for t,, will be siny = siny,, rather than y = y,, i.e. the measure of the shear
deformation is siny and not 7. True, this observation only relates to the form of the representation of
Hooke’s law for shear and to the problem of processing the corresponding experimental data for con-
siderable shear deformation. Hence, for a linearly elastic material for large shear deformation, Hooke’s
law must be represented in the form (G is the shear modulus) T = Gsiny, rather than in the form T =
GY, as is assumed everywhere.

Taking this observation into account, relations (1.8) must be written in the form

siny,, = u,+ VU, +w,w,+... (3.6)

Then the version of the combination of relations (1.6) with (3.6) will also not be contradictory.
For small shears siny,, = 7,, and relations (1.6) in combination with (1.8) will then also not be
contradictory.

4. REDUCTION OF THE TWO-DIMENSIONAL KINEMATIC
RELATIONS TO ONE-DIMENSIONAL RELATIONS FOR A
RECTANGULAR STRIP (A ROD) BASED ON AN IMPROVED
TIMOSHENKO MODEL

In order to estimate the quality of the kinematic relations derived it is useful to consider the simplest
examples of their application, related to reducing the two-dimensional non-linear problem of the
deformation of a strip to one-dimensional equations and their subsequent use to investigate possible
forms of loss of stability for characteristic forms of loading.

We will assume that constant forces, having a value per unit length of p,, p, and p,,, are applied to
the edges of a rectangular strip, having dimensions of @ and 24, as shown in Fig. 2. We will use the
following approximations for the displacements U and V

U = u(x) +yy(x), V = v(x)+yp(x) 4.1)

which are well-known in the theory of single-layer and multilayer shells (the improved Timoshenko model
taking transverse compression into account). Here u(x) and v(x) are the displacements of points on
the x axis of the strip.

In the two-dimensional problem considered we have for the elongation deformation

E,=e;+ ef2/2, E, = ey+ e§1/2; ey = U, €p ="V, €3=W,.. 4.2)
and the following formula holds for the shear deformation
siny;, = ep(1+ey) +ey(l +ey)) 4.3)
when using the complete kinetic relations (1.4), and the formula
Yi2 = €12t €3 (4.4)
when using the incomplete relations (1.6).
Within the framework of representations (4.1) we have for the quantities e; occurring in formulae
(4.2)-(4.9)
ey = U+YY, ep =0, e, =V+y¢, e =Y (4.5)

When using them for a strip with the thin-walled parameter 2h/a = € < 1, by formulae (4.2) we arrive
at the reduced kinematic relations
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E = E +yx+y' 9" 2=E+yy, E, = @+7'12 (4.6)
where
52 = w4+ v, X=7+v0¢ “.7)

Assuming that, in view of the relation 2h/a = € < 1, the approximation ¥, = y;,(x) holds, to determine
the shear deformation we will use the reduced formula

siny; = (1 + @)U + (1 +u')y (4.8)

which is obtained by substituting expressions (4.5) into relation (4.3) in the complete quadratic approxi-
mation, and the formula in the linear approximation

Yip = V+Y 4.9)

which is obtained using relation (4.4) in the incomplete quadratic approximation.

5. THE ONE-DIMENSIONAL IMPROVED EQUILIBRIUM EQUATIONS
FOR A STRIP AND ITS FORM OF LOSS OF STABILITY FOR
DIFFERENT FORMS OF LOADING

Corresponding to the approximations (4.6) and the approximations ¥y, = ¥;5(x), we will introduce into
consideration the following forces and moments per unit length

h h h h
N, = chdy, M= jo,ydy, N, = j o dy, N, = jt,,dy (5.1)
-h A -k -k
reduced to the axial line x, and we will represent the variation of the potential energy of deformation
of the strip in the form

dU = I[NXSEg + M3y + N ,8E, + N, 8(siny,,)]dx (5.2)
0
and when using approximations (4.1) for the variation of the work of external forces, applied to the
edges of the strip (Fig. 2), we arrive at the expression

BA = (2hp,8u +2hp, B0)[ 20+ [(2hp 8¢ +2hp, 5Y)dx (5.3)
0
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The equilibrium equations and the static boundary conditions at the edges of the strip x = 0 and
x = a, when using expressions (5.2) and (5.3) can be obtained starting from the variational equation

SU~-8A =0 54
Henceforth it will be more convenient to represent them for different degrees of approximation.

The equations and bifurcations of their solutions, corresponding to the use of approximation (4.9) and
the Timoshenko model ignoring transverse compression. This model of deformation is the simplest of the
existing improved models, in accordance with which it is necessary to put

o, =N,=0 (5.5)
In addition to relations (5.5) we also put
0=0 (5.6)

which, within the framework of assumption (5.5) is not fundamental.
By virtue of assumption (5.5) we can establish the following physical relations

N, = B,E} = B,(« +v/2), B, = 2hE, (5.7)
M =Dy =Dy, D, =2kE/3 (5.8)
N,y = BppYyp = Bip(V +7Y), By, = 2hGy, (5.9)

where E; is the modulus of elasticity in the x direction and Gy, is the shear modulus in the xy plane.
With these assumptions, starting from relations (4.7), (4.9) and (5.2)-(5.4) we can obtain the
equilibrium equations

N, =0, 0, =(N,+Nv) =0, M-N,+2hp,, =0 (5.10)
and the boundary conditions at the edgesx = 0 andx = a
N, =2hp, for du#0, N, +N,V=2hp, for dv20, M=0 for dy=0 (5.11)

Since the component equations are only non-linear with respect to one unknown function v (the
bending), it is convenient to use them to consider solely the case of pure axial compression of a strip
by a force per unit length p, = —p.
In this case of loading, the boundary conditions N, can be written in the form
N, = -2hp when x =0 and x = a
by virtue of which the integral of the first equation of (5.8) will be the function
N, = B, + v*/2) = —2hp (5.12)
For the second equation of (5.10) to boundary conditions can be formulated in the form
V=0 when x=0and x = a (5.13)
if both end sections are fixed in the y direction, or in the form

v=0 when x =0, N, -2hpv' =0 when x =a (5.14)

if the right end section can be freely displaced in the y direction.
When using (5.9) the second equation of (5.10) can be written in the form

N,, = Bp(V +Y) = 2hpv' + C, (5.15)
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where C is a constant of integration. Hence we obtain
Y = (C,+2hpv)/B,, -V (5.16)

and, substituting expression (5.15) into the last equation of (5.10) and using relation (5.8), we arrive
at the equation

D\y"-2hpv = C,

and its first integral. Introducing expression (5.16) into this first integral we obtain the resolvent of the
problem (C; is a constant of integration)

D,( —%’l’)v"+2hpv = -Cx-C, (5.17)
12

The boundary conditions are formulated in the form of (5.3) or (5.4). _ ‘
The general solution of Eq. (5.17), in addition to C, and C,, contains two constants of integration.
The following boundary conditions can be used to determine them

Y(x=0)=0, Y(x=a)=0

which occur in the case of the hinged support of the end sections.

The problems formulated above and the equations describing them, which are set up with the degree
of accuracy indicated above, are completely equivalent to the problems and their solutions analysed in
detail by Vasil'yev [7]. Without dwelling on their investigation, we note that they have two bifurcation
values of the load 2ip. One of these is given by the formula (2hpg is the well-known Euler critical load)

2hpg

2hPx = T33hpB,,

This corresponds to a bending form of the loss of stability of the rod and is obtained taking into account
the transverse shear. (As pointed out by Timoshenko [8, p. 147], the effect of a shearing force on the
critical force was first indicated by Engesser in 1891.) The following critical load corresponds to the
second bifurcation point

P:: = Gp,

on reaching which a purely shear form of loss of stability occurs.

Note that a discussion of questions related to this form of loss of stability of rods under axial
compression can be found in the book [7] and also in other publications ([9], etc.). Nevertheless, it is
important in principle to emphasise that to investigate a purely shear form of loss of stability under
conditions of pure unilateral compression of a strip (a rod) it is sufficient to confine oneself to using
the simplest kinematic Timoshenko model, based on: (1) a consideration of the shear deformation in
the xy plane within the framework of the corresponding kinematic relation only in the linear
approximation and (2) neglect of the normal stress and deformations in a direction orthogonal to the
direction of the compression.

Note that for other forms of loading, when N, = 0, problems formulated starting from relations
(5.7)-(5.11) are linear, and their solutions have no bifurcation points.

The equations and bifurcations of their solutions corresponding to the use of approximation (4.9), taking
the stress o, and the deformation E, into account. In order to simplify the calculations and to carry out
solely a qualitative analysis of the problems considered above without losing their compactness, we will
use the relations of Hooke’s law in the form

G, = ElEx’ oy = EZEy’ txy = GIZ‘YlZ (518)

which corresponding to a hypothetical material with zero values of Poisson’s ratios. Then, by formulae
(5.18), (5.1), (4.9), (4.6) and (4.7) we arrive at the elasticity relations

N, = BEy = B,(w+v%/2), N, = B,(¢+Y'[2), B, = 2hE,

(5.19)
N,, = Bjp(V+Y), M = D)y = D|(Y +V9¢)
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In the case considered, when using approximation (4.9) and relations (4.6) and (4.7) established for
E,, starting from relations (5.2) and (5.4) we obtain the equilibrium equations

N, = By(u+v%/2) =0, Q)= (NV+N, +M¢) =0

N (5.20)
M -Ny-N,,+2hp,, =0, (MV)-N,+2hp, =0
and the boundary conditions when x = 0 andx= a
N, = 2hp, when du#0, N, V+N, +M¢ = 2hp,, when 3020
(5.21)

M =0 when 8y#0, Mv =0 when 8¢=0

On the basis of the above equations we will consider two forms of loading of the strip.

Suppose the strip is under conditions of pure shear due to the action of forces p,, = 1 per unit length,
shown in Fig. 2.

To carry out a qualitative analysis we will introduce the standard assumption that the strip, before
the loss of stability, is under tension, but is not deformed. With this assumption, in the initial unperturbed
state we will have for the internal forces and moments introduced into consideration

0 0 0 0
Ny=0, NY=0, Ny =2ht, M =0 (5.22)

Linearizing Egs (5.20) in the neighbourhood of the solution (5.22), and retaining the same notation
used above for the increments of the variables, we obtain linearized equations of the perturbed state

N,=Bu" =0, B0 =0, N =Bj,(vV+Yy) =0
T e y oo (5.23)
M-N, =Dy -B,v+y)=0

for which the boundary conditions, linearized in the neighbourhood of the solution (5.22), are uniform:

u =0 for du#0, N, = B,(v+y) =0 for dv=0, vy =0 for y=0  (5.24)

Equations (5.23) with boundary conditions (5.24) have only a trivial solution. Consequently, with the
degree of accuracy assumed in describing the shear deformation by linear relation (4.9), the solutions
of Eqgs (5.20) for pure shear do not enable us to determine purely shear forms of loss of stability.

Suppose the strip is under conditions of unilateral compression by a force p, = —q in the transverse
direction.

In the case considered, we will have the following solution for the initial unperturbed state instead
of (5.22)

0 0 0
N, =0, Ny=-2hq, Ny =0, M =0 (5.25)
and the equations of the perturbed state, linearized in its neighbourhood, will take the form

N, =0, B,op =0, N, =0, M -N,,+2hgy = 0 (5.26)

As in the previous case, the first and second equations of (5.26) have only a trivial solution.
Using the third equality of (5.26) we can eliminate N,, from the last equation of (5.26). We obtain

M'+2hqy =0
Hence, taking Hooke’s law (5.8) into account, we obtain the equation
M +k*M = 0, K = 2hq/D, (5.27)
the general solution of which has the form

M = C;sinkx + C,coskx (5.28)
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For homogeneous boundary conditions
M(x=0)=0, M(x=a)=90 (5.29)
we arrive at the system of equations
C, =0, C;sinkx =0

which has two solutions.
1. €y = C, = 0, to which responds M = 0 and, as can be seen from the last equation of (5.26),

N,,-2hgy = 0 (5.30)

Hence, taking Hooke’s law (5.9) into account, we have

B,v' +(B;~2hq)y = 0 (5.31)
This equation, when
B
1
9%’ =55 = Gy, (532)

allows of the solution v' = 0, y # 0, which corresponds to the occurrence of mixed shear forms of
equilibrium while preserving rectilinearity of the x axis. The corresponding form of loss of stability is
shown in Fig. 3(a).

2.C,=0,C; 20, sinka = 0,i.e.ka = nn (n = 1,2, ...). Hence, when n = 1 we obtain the critical
load

2

@ L0 (5.33)
2ha
To this there corresponds
M= C, sin%x. C, 20 (5.34)
and, by virtue of Hooke’s 1aw (5.8).
¥ = %cos’—:lf +C, (5.35)

1

In order to eliminate rotation of the strip as a rigid body, it is sufficient to prevent its middle section
from rotating, i.e. to put y(x = a/2) = 0. Hence it follows that C; = 0. We obtain the corresponding
form of bending v from the third equation of (5.26), taking Hooke’s law (5.9) into account, which leads
to the equation

(V+y) =0
Finally, taking expression (5.35) into account we obtain

Ca.nm
v = —[T'”—tsm—af +Cy+Cyx (5.36)
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yv

If the ends of the strip axis are secured from vertical displacements, i.e. v(x = 0) = v(x = a) = 0,
then C; = C, = 0, and then the shift y;, = v' + y=0. Hence, with this form of loss of stability the cross-
section remains perpendicular to the deformed axis, and the strip behaves as a Bernoulli-Euler beam.
The corresponding form of loss of stability is shown in Fig. 3(b).

It should be noted that a similar result can be obtained if we consider the strip as a Bernoulli-Euler
beam, compressed in the transverse direction by loads ¢, which do not change its direction for bending
perturbations. An element dx of such a beam in the perturbed state is shown in Fig. 4. The equilibrium
equations of the element and the Hooke’s law relation take the form

Q =0, M~Q+2hqoa =0, M =Dy = Do’ = D;v" 5.37)

Equation (5.27) immediately follows from these, from which, for the same boundary conditions (5.29),
we obtain the same critical load (5.33).

It is obvious that if the load g remains normal to the deformed axis of the strip, i.e. it behaves as a
normal pressure, the last term in the second equation of (5.37) disappears, and such a loss of stability
becomes impossible. In exactly the same way, the last terms in the last equation of (5.26) and Eq. (5.27)
for a strip also vanish. The general solution of the equation M" = 0 will be M = C; + Cx, and when
there are no moments on the ends of the strip we obtain that C; = C, = 0 and M = 0. In this case only
a shear form of loss of stability, defined by relations (5.30)—(5.32), becomes possible.

The equations and bifurcations of their solutions, corresponding to the use of the complete non-

contradictory kinematic relations in the quadratic approximation. In the relations of Hooke’s law (5.18)
we replace the relation for t,, as follows:

T,y = Gppsinyy, (5.38)

which leads to the relations of elasticity, which differ from (5.19) by the replacement of the last equality
by

N,y = Bpl(1+@)v' + (1 +u)Y] (5.39)

In the case considered, when using relation (4.8) instead of expression (4.9), we obtain equilibrium
equations of the form

(N,+N,Y) =0, [Nxv'+ny(1 +@9)+ M@l =0

M -Ny-N,(1+u)+2hp,, =0, (MV)-N,-N,v+2hp, =0 (5.40)
for which the boundary conditions when x = 0 and x = a take the form
N,+N,Y = 2hp, for du=0
NV +N, (1+9)+M¢' = 2p,, for dvz0 (5.41)

M =0 for 8y20, Mv =0 for 8¢=0
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If the initial stress—strain state of the strip is defined by the solution

N = 2hp, N®=-2ng, N° =2n1, M" =0 (5.42)

y Xy

Eqgs (5.40) and boundary conditions (5.41), linearized in the neighbourhood of this solution, can be
written in the form

(N, +2hty) =0, N,+2htv' =0 (ny—2hpv'+2ht<p)' =0

(543)
M -N,, +2hqy~2ht' = 0
forx=0andx =a
N, +2h1y =0 or 8u=0; N, -2hpv'+2ht9 =0 or dv =0 (5.44)
M =0 when 8y =0
where, as previously
N, =By, N,=B,p, N, =B,(vV+Y), M= Dy (545)

We will initially consider a strip under pure shear conditions due to the action of forces per unit length
Py = T, applied at the ends (Fig. 2). In this case p = g= 0, and for the first equation of (5.43) we will
take the boundary conditions in the form N, + 2hty = 0 when x = 0 and x= a. By virtue of this, Eqs
(5.43), using relations (5.45), can be represented in the form

Biu' +2hty = 0, B,9+2htv' =0, B,(V+7Y)+2ht¢ = C,

(5.46)
DIY"—Blz(U'+‘Y)—2thI' = 0
From the first two equations of (5.46) we obtain
S = Sy 5=
u = —Bly, Q= Bzv, S = 2ht (5.47)
Consequently, the last two equations of (5.46) take the form
C, 5 Sy s
= ——xV, DY'-=V+=—vY=C; =1- (5.48)
Y By, X Y B, Bny vox B,B,

When using the equation of (5.48) we will write the first integral of the second equation in the form

V' +k'v = bCx+ C, (5.49)
Here
2 I—X(BIZ 32312) 1
K = 24 . b= 5.50
D\ x B, D, (5.50)

Substituting the general solution of Eq. (5.49) into the expression for y, we obtain, after differentiation
with respect to x,

y' = xk*(Cysinkx + C,coskx) (5.51)

We will subject the solution (5.51) to the last condition of (5.44) when x = 0. We then obtain the
equation

xk*C, = 0 (5.52)
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which can be satisfied in three cases:
(1)Cy=0
(2) x = 0, whence we obtain the positive bifurcation value

1 1
S = /BB, or 1 = JEGy (5.53)

and also
Y = C,/B,, = const, y'=0 (5.54)

i.e. all the sectionx = const, on changing into the perturbed state, are rotated by an angle that is constant
along the length of the strip, and which is characteristic for a shear form of loss of stability; in this case
k = o, and the displacement v becomes indeterminate, unlike the cases corresponding to the action
of the forces pandg;

(3) k* = 0, which, when using the first formula of (5.50), leads to another positive bifurcation value

P = [(B;+B)By,, or 10 = [E +E)G, (5.55)

It can be seen that 1@ > 1¢0.
We now subject solution (5.51) to the condition M' = 0 when x = a for the case when C, = 0. Then

xk*sinkaC, = 0 (5.56)

Hence if follows that ¢3 # 0, only when, unlike the cases when y = 0 and k* = 0, the following condition
is satisfied

2

kK =n’nMad®, n=012,..

Using the first formula of (5.50), we arrive at a quadratic equation in %, whence we find

3, 12 1
Se¥ = (UENU-V)"5 U = 1B+ BBy +BTgl, V = BB,By,T;

n n’h’By 2 (557)
= ——n

TE = D] = a2 3

(N

Hence it follows that
SSE)EO, SE,?) = Sf,?) when n = 0; SS) =0, SE:') = S;” when B;=0

An analysis of the roots of (5.57) showed that when n ;t 0 S is a minimum when n = 1.
For the purpose of comparing the quantities S® and SY, defined by formulae (5.53) and (5.57) (when
choosing the minus sign), we set up the relation

P = (SPIsPY = g -1

where

2
1 T 2 B B, h
C = i(l +kl +n), n-= ?klk12£ , kl = ! k12 = B—l;’ £ = 2.1

The table shows values of r for different values of k;, k;, and €; for € = 0.5, generally speaking, not
correspondmg to the case when £ < 1, the values of r lic between 0.938 and 0.999. It can be seen that
¥ < s always. For small values of the stiffness on the transverse shear (B1y/B; < 1) for a strip of
average thickness (¢ = 0.1) the values of S approach the values of St when the parameter k; = By/B,
increases.
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Table 1
k=10 10 10
ky €
0.5 0.1 0.01 0.5 0.1 0.01 0.5 0.1 0.01
1 0.938 0.388 0.040 0.993 0.848 0.127 0.999 0.984 0.388
10 0.943 0.483 0.054 0.994 0.873 0.171 0.999 0.985 0.484

Hence, for pure shear, solution (5.51) corresponds to the least bifurcation value t,; it is necessary
to take C, = 0 in this solution. In this case we have the following function for v

v = Cysinkx + =(bC,x+ C) (5.58)
k

and for y and ¥ we have the functions

Y= (El-—%x)c, - Cyxkcoskx; ¥ = xk2C3sinkx (5.59)
12k

by which the corresponding form of the loss of stability is described, after determining two of the three
constants of integration.

Note that, for a rectangular orthotropic plate, subjected to pure shear, the solution of the problem
of the shear form of loss of stability was given previously in [5], starting from the linearized equations
of the plane problem of the theory of elasticity, the basis of which is the use of the complete kinematic
relation (4.3). The bifurcation value t* for an isotropic plate obtained in it is equal to

E

=0 2w

which, for v = 0.3 is 1.6 times less than the value of 14, found from formula (5.53).

It is easy to show that when a force p acts on the strip, when g= 1 = 0, following from problem
(5.43)—(5.45), the problem is identical with that considered above, based on the most simplified equations,
and when a force g acts, when p = 1 = 0, the problem, which follows from problem (5.43)—(5.45), is
identical with that investigated above based on the partially simplified equations.

6. ANALYSIS OF THE KINEMATIC RELATIONS IN ORTHOGONAL
CURVILINEAR COORDINATES

We refer to continuum of the underformed body to an orthogonal system of curvilinear coordinates
x* (o = 1,2, 3), in which the Lamé parameters H,, and the unit vectors 1, are defined. If the displacement
vector U of an arbitrary point M(x®) is represented by the expansion U = U,l,, then in the deformed
state for the unit vectors 1*,, and also for the elongation deformation E, and the shear deformation
Yo (B = 1,2, 3) without introducing any limitations on their values, there are analogies with the formulae
derived in Section 1 (summation, in accordance with the generally accepted rules, is carried out over
dummy indices)

IF = (Bup+eop)lglh®, Eq = hi-1
SinYap = 260p/(hERT) (0% B); hE = (1+2e4,)" 6.1)

Here
2e4p = €t epy + €useps = Opnlan + Ounlpx + €anlpn =

6.2
= (San + %‘)eﬂn + (Sﬁn + %‘)ean (6.2)
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1au1+ 1 OH, . JdH,
e = ot o5l t o — U
U H THH 32 HiHs e ©63)
10u, 1 O0H, 10u; 1 OJH, 123 ’
(4 =S T oo -S4, € = TSt o o U y &
T Hgyl HiHp2 " P Higy HiHyp !
The analogues of formulae (1.3)
Ey=€4q (6.4)

simplified for the case of small elongation deformation, are generally accepted; following from the first
equality of (6.1) with an accuracy of 2 + E 4 = 2, and from the second equality of (6.1) with an accuracy
of (1 + 2€44,) "% = 1 we obtain the approximate formulae

Yop = 24p (0 #B) (6.5)

if we take sinYug # Yop
We will assume that, at each point of the deformed body, the x* axes are the principal axes of deforma-
tion. In this system of coordinates

Yap = 28(1[3 =0 (a=p)

and only in the case when e,g = 0 when € # B. But in this case, as follows from Eq. (6.2), the following
expressions hold

2
284y = 2€40+ €gq

Substitution of these expressions into the second equality of (6.1) leads to the exact formulae
Ey = (142€q+€lg) —1 = egq (6.6)

which are analogues of formulae (2.3), whereas within the framework of the approximate formulae (6.4)
we arrive at the result

E =gy = €qq + eialz (6.7)

In addition to the problems considered previously in [4, 5], we will show below, using the simplest
example, to what physically incorrect results and conclusions one can be led by using approximations
(6.4) when solving specific problems.

7. SOLUTIONS OF THE PROBLEM OF THE NEUTRAL EQUILIBRIUM
OF A CIRCULAR RING UNDER A UNIFORM EXTERNAL
PRESSURE HAVING ZERO VARIABILITY IN A
CIRCUMFERENTIAL DIRECTION

We will consider the solutions of the problem of the neutral equilibrium (forms of loss of stability) of
a circular ring when acted upon by a uniform external pressure, having zero variability of the parameters
of the perturbed stress—strain state in a circumferential direction. The forms of loss stability and the
vibrations of three-layered structures, which have zero variability in a circumferential direction have
been described and investigated previously in [4, 10, 11].

The unperturbed (subcritical) stress—strain state. Suppose a circular ring of orthotropic material, having
a thickness 2h and a radius of the middle surface R, is in a plane stress—strain state under the action
of a uniform external pressure p. If the middle surface of the ring is referred to a circumferential (angular)
coordinate 0 and a radial coordinate z(—-% < z < k), connected with the dimensionless coordinate 7 by
the relation p = 1 + z/R, its unperturbed (axisymmetrical) stress-strain state will be described by the
equilibrium equation
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0 0 0
dozz + G,, ~Ogg

=0 7.1
7S 5 (7.1
Here and henceforth all the parameters of the unperturbed stress—strain state are denoted by a zero
superscript. o

_ If the material of the ring is linearly elastic, with elastic parameters E;, E;, Gy, V), V3, where
E,v, = Ejvs, the circumferential and radial normal stresses in Eq. (7.1) are connected with the
corresponding radial displacement u, by the relations of the generalized Hooke’s law

E¥X/dud’ u’ E,qul du’ E E,
0 23Tz y.2) 6% 5Ly T2} g B3 pFo 1 7.2
Oz = R(dp +V3p)’ oo R(p +v2dp)’ =gy B a0

It should be noted that in the case considered the 8 and z axes are the principal axes of deformation
and the following equalities are strictly satisfied

E) = E}

Z [244

Eg = Ege
in which
EY, = dulldz = R™'dulldp, Egy = R'ullp
Hence, the elasticity relations (7.2) and equilibrium equation (7.1), in which the stresses are referred
to the corresponding areas in the undeformed state of the ring, are also exact.

After substituting expressions (7.2) into the equilibrium equation (7.1) we arrive at an equation
in u,.

dzu(z) du(z) 2ug 2 Ez
—t+t-==-8==0; & ==
dp> PP E;

the solution of which with the boundary conditions

0'22 =-p when z=h, c(z)z =0 when 2z =-h
has the form
0 ] -3 PR ¥5-1
=Ap +Ap°, A, = —20
u, +P -P + AE;‘(Siv3)pl (73)

1 -§- _5-1 &- _
A= P? les 1‘Pl8 le Py =1-hy py=l+hg, ho=hIR

By formulae (7.2) ad (7.3) we have the following expressions for the stresses

2 S0\ 1-v,80p
o __p_ gﬁ_(&)“] 0o _ pd [1""2 (g_) . 2(_1)7
Oz PlPA[(Pl) o) %% = oAl TV, \p, S-v;\p (7.4)

which, for a ring of isotropic material, by virtue of the equalities

Vva=vy=v, Ey=E3=E, §=1
take the form

0 0 2
S, - Oge - 4 (? 5)
-2 2 2 .
pi-pt  pipl  dhgp
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In the other hypothetically possible case, when & < 1 (E, < E;), as 8 — 0 we obtain from relations
(74)

Sh, o _  pplp

n(p/p)) % In(p,/py)

(7.6)

For a thing ring, when Ay < 1, from both relations (7.5) and (7.6) we obtain the same approximate
formulae

0
GZZ = 00 = _L .
(29 + ho) 00 2hy’

(1.7)

from which we see that 63 = 0%/hy when zq = Ay,

Forms of neutral equilibrium of a ring with zero variability of the parameters of the perturbed stress—strain
state. If the deformation of the ring in the unperturbed state is assumed to be small, we can make the
standard assumption that, in this state, it is stressed but not deformed, and to describe its neutral equili-
brium with parameters of the perturbed stress—strain state, having zero variability in the circumferential
direction (i.e. d/00 = 0), using the results obtained by Novozhilov, Guz’ and others (see, for example,
[1]), we can set up the following system of homogeneous differential equations

9 05,0+ =0, o5 -0 _
pdp(pcze)"' p =0, pdp(pczz) p =0 (7'8)

in which &,,, G5, Ge,, Geg are the perturbed components of the stresses in the I, and I; axes of the
undeformed state of the rlng, connected with the perturbed components of the stresses G,,, Gg, = Gy,
g in the deformed axis 15 and 13 and stresses ogg, 0%, by the relations

. - 0
G, = G, +OE,,, Ggp = G +OgoEop (7.9)
G = oze+o (E,¢/2-w), Op, = cez+cge(E29/2+m) (7.10)

where
0., = EJ(E, +V3Eg), Cpg = EF(Ege+V,E,;), g, = Gk, (7.11)

dug du "e 1(duy u 1 (dug uq
Eg= R_dp’ E, = R_d;, Egg = Eq, = -(2—69 - Fe)’ w= _Z—R(ZFO + E) (7.12)

By relations (7.9)—(7.12), Eqgs (7.8) reduces to two unconnected ordinary differential equations

dzue Gz3 + Goe(dua ue) =0

(G +0p)— + 7.13
23 24 dp2 p dp p ( )
2 0 0
d Ef +0ggdu, EF+
(B} +o0) =24 32000 % 22700, _ g (7.14)
dp p dp p
Equations (7.13) and (7.14) for z = *+h must respectively satisfy the following conditions
G.6(p =py) = 0, 6ze(P =py) =0 (7.15)

I
[=]

6,.(p=p) =0, &zz(p =py) = (7.16)
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The equations compiled, with boundary conditions (7.15) and (7.16), can be investigated with different
degrees of approximation. However, the principal conclusions can also be formulated when they are
investigated for a thin ring using the simplest shell model

u,=w, Ug=v+py (7.17)

which has been called a Timoshenko-type model, ignoring transverse compression. Here w and v are
the radial and circumferential displacements of points on the axis of the ring.
Application of the first relation of (7.17) to Eq. (7.14) leads to the equality
P2
wJ(E;“ +Gog)dp = 0
Py
which, using the second formula of (7.7) for a thin ring, gives w(E3 ~ p) = 0. Hence follows the
bifurcation value of the external pressure p* = E3, similar to that obtained previously in [4, 5] and

related to the assumption of the approximation Eq = £4 in the initial geometrically non-linear problem,
formulated using general considerations of the form

Ey=~€yq Yap=284p (0#P)

If, instead of u, = w we use the more accurate approximations and satisfy conditions (7.16), we can
establish from Eq. (7.14) several bifurcation values of the external pressure by using the approximations

Eg = €gq, Ez =&,

when constructing the initial geometrically non-linear equations.
Applying the second relation of (7.17) to Eq. (7.13) and the second formula of (7.7), we obtain

P2 0
(Gy3 + Ogg) P _
J’Tvdp = 2(023 - ZTO) vho = 0

4]
Hence, by virtue of the fact that v # 0, we obtain the bifurcation value of the external pressure

Py = 2hyGoy (7.18)

which, in the light of the results obtained previously in [4, 10}, is the critical value of the external pressure,
on reaching which the ring loses stability with respect to a purely shear form. This form of loss of stability
of the ring occurs physically when 63 reaches the values G, if a purely flexural form of loss of stability
does not occur earlier for lower values of p.

8. NON-CONTRADICTORY KINEMATIC RELATIONS IN THE
QUADRATIC APPROXIMATION FOR THE CASE OF SMALL
ELONGATION DEFORMATION AND AVERAGE SHEAR
DEFORMATION

In the light of the results described for the case of small elongation deformation (E, = €) ir! orthogongl
curvilinear coordinates the following relations are more correct compared with the relations used in
the literature
2, 2
E =e;, + (e, +e13)/2, ... (8.1)

which are an analogue of relations (1.6) and, unlike (6.7), enables one, in the limit, to transfer to formulae
(6.6). Then, to determine the shear deformation it is necessary to use the relations

which are analogues of relations (1.4).
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It should be noted that relations (8.1) follow from (6.2) and (6.4) when and only when, in addition
to satisfying the estimates E, ~ € (i.e. when one can use approximation (6.4)), the following estimates
are satisfied

Can=E €qp=E (0#P) (8.3)

In other words, the elongation deformation can only be small when the quantities ey, are small and
are “average” (i.e. of the order of V) quantities eqp (00 # B). When Ag = 1 the geometrical meaning of
the latter can easily be established from the first equality of (6.1), for example e;, = cos(13, 13), etc.
Since the shear deformation is defined in terms of the quantities e,g (o # B), and, when the estimates
(8.3) are satisfied in accordance with (8.2), they are “average”, relations (8.2), within the framework
of the approximations (5.1) employed, allow of further simplifications of the form

Yiz=sinYp = 2€, = ey + €y + €363, ... (8.4)

Finally, for small elongation deformation and average shear deformation the kinematic relations in
the quadratic approximation (8.1) and (8.4) are correct and are justified with the necessary degree of
completeness. The geometrically non-linear equations of the theory of elasticity, formulated using them,
enable us to investigate only physically realizable forms of loss of stability which, in particular, where
demonstrated in [4].

For the case of the deformed state considered, expressions (6.1) take the form

* >
ll = ll +812|2+e,3l3, 1, 2,3

Using them and starting from the representations
G, = Ouplf = Gplg
one can establish the following relations between the components of the stresses 6,5 and Gy

Gy = Oy + 0128y + 03631, Oj3 = 011€)2+ 03+ 03¢5
. — (8.5)
Oi3 = G183+ 02653+ Cy;, 1,23

which are correct and do not lead to “absurd” force boundary conditions. We can also show this by
considering the problem investigated in Section 7, from the positions described. In fact, when using
the kinematic relations (8.1) and (8.4) as well as relations (8.5) to formulate the initial geometrically
non-linear equations, we must introduce the following formulae into the equations of neutral equilibrium
(7.8) instead of (7.9)

G,, = 0,,, 699 = Ogg (86)

in which o,, and ogq are defined, as before, from formulae (7.11). As a result the “strange” boundary
conditions (7.16) become clear:

O.(p=p) =0, 0,(p=p,) = 0 8.7)
and, instead of Eq. (7.14), we arrive at the equation
2
E;k[d——u—z duz)—gu =0

+ —
dpz pdp p2 z

which, in view of boundary conditions (8.7), only have a trivial solution u, = 0.

9. CONCLUSIONS

1. If a uniaxial stress of longitudinal compression is formed in the components of structures, the form
of loss of stability which occurs in them is either purely flexural or purely shear. To determine the
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bifurcation values of the acting load in this case for elongation deformation in the direction of the
compression it is necessary to use a kinematic relation in the form (1.6). However, for deformation in
directions orthogonal to the compression, and for shear, it is permissible to use linear kinematic relations.

2. For a uniform transverse compression, the behaviour of the load turns out to be important. If it
remains normal to the deformed axis, bifurcation is only possible in shear form. If the load maintains
its direction, then, in addition to a shear form of bifurcation a flexural form of loss of stability is possible,
identical in form with the Euler form, for which there is no shear.

3. If a stress state, close to pure shear, is formed in the structural component, then to investigate
the bifurcation values of the load, shear deformation is necessary to describe the non-linear kinematic
relations in the complete quadratic version of the form (1.5).

4. For thin-walled structural components in the form of rods, for thin-walled structural components
in the form of rods, plates and shells, made of composite materials, acceptable results in determining
the form of loss of stability and the critical loads can be expected from using the simplest improved
models, known in the literature and constructed taking into account the transverse shear. At the same
time, in the light of the results obtained, further investigation of the problems related to improving the
non-linear theory of multi-layer structural components (in particular, three-layer components), the
structure of which is formed from alternating thin and rigid layers and layers of filler of lower rigidity,
is primarily required. For three-layer shells with fillers, which belong to the class of transversely weak
structures [12], these non-contradictory versions of the theory, which are interesting in view of the
possibility of investigating shear forms of loss of stability when compression stresses are formed in the
filler in a transverse direction, were constructed previously in [4].

This research was supported financially by the Russian Foundation for Basic Research (03-01-0053a
and 03-01-00071).
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